We report ultrasound beam steering based on 2D and 3D flattened acoustic metamaterial Luneburg lenses at 40 kHz. The effective properties of the lenses are obtained by using the quasi-conformal transformation (QCT) technique and solving the Laplace equation with Dirichlet and Neumann boundary conditions. A 2D lens and a 3D lens were designed and
fabricated. The numerical and experimental results with these lenses demonstrate excellent beam steering performance of ultrasonic waves in both near field and far field.
A Luneburg lens is a type of gradient refractive index (GRIN) lens. Its index profile can be described as ( ) = 0 √2 − ( / ) 2 , where r is the distance from the lens center and n0 is the refractive index of the surrounding medium. For an ideal spherical Luneburg lens, an incident plane wave will be focused at the diametrically opposite point on its surface without aberration, and vice versa. While electromagnetic Luneburg lenses have been extensively studied for imaging and communication applications, acoustic Luneburg lenses have only recently attracted significant interest. Luneburg lenses based on phononic crystals and variable thickness structures have been designed for the manipulation of structural waves (e.g., [1, 2] ).
Recently, GRIN acoustic metamaterials have given rise to a number of novel acoustic devices, which have been explored for imaging, focusing, acoustic receivers, retroreflectors, and bifunctional devices [3] [4] [5] [6] [7] . Most of the current reported Luneburg lenses are 2D devices. A 3D acoustic Luneburg lens design has been attempted, but its numerical and experimental performance has not yet been reported [8] .
One attractive application of an acoustic Luneburg lens is to obtain multi-directional beam control (e.g., beamforming or steering) without complex and expensive phase-shift networks required with conventional phase array techniques [9] [10] [11] [12] . Beam steering can be realized by simply switching the feeding sources placed along the circular surface of the Luneburg lens. In comparison to the spherical (3-D) or rounded (2-D) surface of the standard Luneburg lens, a flattened Luneburg lens is more desirable for accommodating the signal sources in practical applications. Although multi-directional beam steering with a flattened Luneburg lens has been explored in the electromagnetic regime [13, 14] , acoustic multidirectional beam steering with a flattened metamaterial lens has not been demonstrated.
Quasi-conformal Transformation (QCT) is an effective technique used for changing the structure geometry and refractive index without introducing anisotropy, which also helps reduce the computational complexity compared to traditional transformation optics [15] [16] [17] [18] .
This technique has been applied to produce a variety of electromagnetic devices with unique functions, such as the flattened dielectric lens, planar reflectors [19] [20] [21] , and electromagnetic carpet cloaks [22, 23] . Recently, this technique has also been exploited to achieve acoustic devices, such as a planar acoustic metamaterial focusing lens [24] , a broadband underwater acoustic carpet cloak [25] , and a 2D flattened-Luneburg lens for focusing [26] .
In this letter, we demonstrate beam steering in the ultrasound regime with 2D and 3D flattened acoustic metamaterial Luneburg lenses. When a point source is moved along the flat surface of the 2D and 3D lenses, the outgoing plane wave is steered in different directions on the 2D plane (Figure 1 To achieve a flattened acoustic Luneburg lens, we employ the QCT method described by Chang et al. [27] . This approach can help achieve material parameter transformation with a minimum amount of anisotropy by solving Laplace equations with proper boundary conditions. The specific geometries used for our QCT are shown in Figure 2 
where (x, y) are the coordinates of the virtual space and (x', y') are the coordinates of the physical space, ⃗ represents the outward normal vector to the surface boundaries, and ∇ is the gradient operator.
We then obtain an effective refractive index for the flattened acoustic Luneburg lens ′ based on the equation [24] :
where n indicates the refractive index of original Luneburg lens and J is the Jacobian matrix expressed as:
Because of the quasi-orthogonal coordinates employed in both spaces, we have the following approximation conditions:
After obtaining an in-plane 2D pattern of the refractive index based on Eqs.
(2) and (3), the refractive index pattern is extended along the thickness direction to obtain the 2D lens. consists of three orthogonal beams, so that each cell is interconnected with its adjacent cells to form a self-supporting lattice. In our design, we choose the unit cell geometric parameters a = b = a0×d. Here, d is the periodicity of the unit cell, which is chosen to be 2 mm. In principle, a range of refractive index values can be obtained by changing the unit cell geometric factor a0.
The refractive index of each unit cell is calculated based on a standard retrieval method [29] .
Note that the refractive index is a function of frequency. For example, for a0 = 0.6 in Figure   S1 (a) of the Supplementary Material, the frequency dependence of refractive index is clearly shown. In this study, the ultrasonic frequency f = 40 kHz is selected for investigation. Other acoustic frequency regimes or broadband operations can be achieved through carefully choosing the design parameters. At 40 kHz, the selected refractive indices n'/n0 ( from 1.07 to 1.82) for achieving the flattened Luneburg lens can be obtained by with geometric factor a0 that range from 0.23 to 0.77, as shown Figure S1 Next, we investigated the 3D flattened Luneburg lens for beaming steering in a 3D space. Since the 3D lens is circularly symmetric around the y axis, its beam steering performance was characterized for the source located at (x= -6, z=0) on the feeding surface.
By using the same approach as described for the 2D lens, the 3D simulation results ( Figure   5 (a)-(c)) and experimental waveform measurement results (Figure 5(d) and (e)) in two planes (horizontal xy plane and vertical yz plane) were obtained with the 3D lens. These results successfully demonstrate the 3D beam steering performance of the lens. The propagation direction of the outgoing plane wave can be described by using two angles: α in the horizontal plane and β in the vertical plane (see Figure 1 (b) ). For the selected feeding source location (x= -6, y=0, z=0), the beam is shown to be steered to a direction with α= 30 (Figure 5 In addition, the far-field acoustic radiation was measured experimentally for both 2D and 3D lenses (see Figure S2 in the supplementary material), which clearly demonstrate that different steering angles can be achieved in the far field by changing the feeding source locations. It is worth noting that the 3D lens demonstrates excellent far-field 3D beam steering performance for the tested 5 different feeding source locations. Overall, both 2D and 3D lenses exhibit good performance for the designed beam steering range of -45 o to 45 o . 
